HOW CAN WE ESCAPE THOMAE'S RELATIONS? 



CHRISTIAN KRATTENTHALERt AND TANGUY RIVOAL 

Abstract. In 1879, Thomae discussed the relations between two generic hypergeometric 
3-F2-series with argument 1. It is well-known since then that there are 120 such relations 
(including the trivial ones which come from permutations of the parameters of the hy- 
pergeometric series). More recently, Rhin and Viola asked the following question (in a 
different, but equivalent language of integrals): If there exists a linear dependence relation 
over Q between two convergent 3_F2-series with argument 1, with integral parameters, and 
whose values are irrational numbers, is this relation a specialisation of one of the 120 
Thomae relations? A few years later, Sato answered this question in the negative, by giv- 
ing six examples of relations which cannot be explained by Thomae's relations. We show 
that Sato's counter-examples can be naturally embedded into two families of infinitely 
many 3 F% -relations, both parametrised by three independent parameters. Moreover, we 
find two more infinite families of the same nature. The families, which do not seem to 
have been recorded before, come from certain 3^2-transformation formulae and contigu- 
ous relations. We also explain in detail the relationship between the integrals of Rhin and 
Viola and 3-F2-series. 



1. Prelude: introduction and summary of the results 

In this article, we are interested in two families of two-term relationships between hy- 
pergeometric 3_F2-series with argument 1, and the possible links between them. The first 
family consists of 120 relations found by Thomae ^Hj, which can be interpreted as the 
action of the symmetric group ©5 on five parameters related to the parameters of a generic 
3_F2-series. This action has been discovered and rediscovered many times. We shall start 
our article by describing two of its seemingly different incarnations: one involving series 
(Thomae, Whipple, Hardy and others: see Section |21 in particular Theorem EJ) and the 
other involving integrals (Dixon, Rhin-Viola: see Sectional in particular Theorem 0J), 
while in Section 0] we explain their equivalence. 

Our main aim is to find a hypergeometric explanation of a second family of six "exotic" 
integral relations recently discovered by Sato ^3] (see Theorem |HJ). The latter provide 
counter-examples to a conjecture of Rhin and Viola jTT] (see Conjecture [T] in Sectional), 
which essentially predicted the universality of Thomae's relations in the case of integral 
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parameters. As we shall show, this explanation is given by the following two identities in 
Theorems n and |2l respectively, which seemingly have not been stated explicitly before. 

The first one (with proof in Section (HJ) covers five of Sato's six original relations, and 
we will obtain from it infinitely many explicit counter-examples to the conjecture by Rhin 
and Viola (see Theorem |H1 in Section EJ). 

Theorem 1. Let a, (3, 7 be complex numbers such that 2a + (3 + 1 and 2(3 + a + 1 are not 
non-positive integers, and such that 3?(2a + 2(3 — 7) > 0. Then 



3 r 2 



a+1, (3 + 1, 7 
2a + (3 + 1, 2(3 + a + 1 



;1 



2{a + (3) 



3-^2 



a. 



P, 7 



2a + (3 + 1, 2(3 + a + 1 



;1 



2(a + (3)- 1 

The second one (with proof in Section iTOj) covers the remaining counter-example of Sato. 
It implies another set of infinitely many counter-examples to the conjecture by Rhin and 
Viola (see Theorem [7| in Section EJ). 

Theorem 2. For any complex numbers a,/?, 7 such that 9?(2 — (3 — gigz^±l) ~j > o ; and 
such that a + 1 and 7 + a( ~ a ~J+ 1 '> are no f non-positive integers, we have the identity 



3-^2 



a,/3,7 

1 -1 1 a(a— 7+1) 1 1 1 J- 

a + 1,7+ 0-1 + 1 



(a - (3 + 2) (a + a 2 - 7 - cry + #7) 



3-^2 



a + 1,/5-1,7 
a + 2, 7 + a(a - 7+1) ;i 



;i.2) 



(a + l)(2a + a 2 — a/3 — 7 — cry + ^7) 

Clearly, since Sato's counter-examples are special cases of (II. 1J) and (|1.2|) . but are not 
consequences of Thomae's relations (see Section^, the two identities provide an answer 
to the question in the title. (Let us point out that Theorems [T] and 121 are "independent" 
of each other, that is, neither is it possible to derive Theorem |21 from a combination of 
Theorem^ with Thomae's relations, nor is this possible in the other direction.) 

Of course, there may exist many more ways of escaping Thomae's relations. For ex- 
ample, a rather simple-minded one consists in examining for which integral values of the 
parameters a si^-series with argument 1 can be a rational number. In fact, a complete 
characterisation for the latter problem is available, see Theorem |H] in Section El Leaving 
this simple possibility aside, in our proofs of identities (|1.1|) and (jl.2j) in Sections IH1 and ITUl 
we make use of two fundamentally different ways to escape Thomae's relations: 

(1) One applies a transformation formula transforming a 3_F2-series with argument 1 
into a hypergeometric series with a larger number of parameters (in our case, this is the 
transformation formula (|8.1|) transforming a 3_F2-series into a very-well-poised 7_F6-series) in 
order to "exit" the "3-F 2 -domain," and then one "re-enters" the " 3 F2-domain" in a different 
way (in our case, we use the same transformation formula in the other direction, but after 
a permutation of the parameters of the 7_F 6 -series has been carried out before). 

(2) One starts with a 3-F2-series in which one lower parameter exceeds one upper pa- 
rameter by a positive integer. Subsequently, one applies contiguous relations to obtain 
a sum of several series, in which for all but one the use of the contiguous relations has 
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made these two parameters equal, and thus these 3_F 2 -series with argument 1 reduce to a 
2-Fi-series (with argument 1), which can then be summed by means of the GauB summa- 
tion formula IjlO.Hjl . The various results of these evaluations are then combined into one 
expression, thereby generating a (possible huge) polynomial term, which is then equated 
to zero. In order to make this work, this polynomial must have integral solutions. (See the 
Remark after the proof of Proposition E in Section El for more precise explanations, and, 
in particular, for an explanation of the term "contiguous relation"). 

Whereas we failed to find results other than Theorem E by using recipe (1), we show in 
Section E3 that recipe (2) can be used in many more ways than the one yielding Theorem[21 
(see Theorems I§1 and HUj) . thus producing many more counter-examples to the conjecture 
by Rhin and Viola. In fact, there are certainly many more relations that can be found in 
that way. We report on a curious phenomenon in that context at the end of the "round-up" 
Section El where we indicate the ideas that we used to find the hypergeometric results in 
Theorems E H H and El 

So, in summary, as disappointing as this may be, our results show that the conjecture 
of Rhin and Viola was over-optimistic. The counter-examples by Sato are not just rare 
exceptions, they even embed in infinite families of counter-examples, and there are others 
beyond that. In view of this, and since the data that we produced do not give much 
guidance, we better refrain from coming up with a modified conjecture towards a generating 
set of transformations for the relations between 3 F 2 -series that would correct the conjecture 
by Rhin and Viola. Nevertheless, finding one appears to be an interesting, and challenging, 
problem. 
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2. Thomae's relations 



Hypergeometric series are defined by 



q+lFq 



a , an, 



k=0 



(ao)fc («i)fc 



a q ) k k 



(2.1) 



where (a) = 1 and (a) n = a(a+l) ■ ■ ■ (ce+n — 1) for n > 1. The series converges provided 
that the argument z is a complex number with \z\ < 1, a,- G C and /3j G C \ Z< ; it also 



converges for z = 1 if in addition 3?(/3x + • — h f3 q ) > 3?(« + 
in & q+ i x & q acting on the upper parameters i = 0, 1, . . . 



• • + a q ). Any "permutation" 
q, and the lower parameters 



1, 2, . . . , q, on the left-hand side of (j2.1J) does not affect the value of the right-hand 



side: we use the term "trivial symmetries" to indicate this fact. 
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As mentioned in the introduction, the symmetric group 65 acts classically on the hy- 
pergeometric series 3-F 2 -series with argument 1, which leads to exactly 120 formal relations 
between them. This group action is obtained using the following fundamental identity, due 
to Thomae jTHl Eq. (12)] (given as (3.2.2) in PQ), which is valid under certain conditions 
on the parameters to ensure convergence of the involved series, 



3-^2 



d. 



r(e)T(d + e 



b-c) 



r( 



-3^2 



a,d — b,d - 
d,d + e — b 



;1 



(2.2) 



a) T(d + e — b — c) ' 

The iterative application of ()2.2|) . together with the trivial symmetries, yields 120 relations, 
of which only 10 are inequivalent modulo the trivial symmetries. These were given by 
Thomae ^21 Art. 4] and put in a more suitable form by Whipple ^H]- It is apparently 
Hardy 6, p. 499] who first gave a group theoretic interpretation: we state his observation 
in the striking form given in [TBI I17j. 



Theorem 3 (Hardy). Let s 

1 



s(x l ,x 2 ,x 3 ,x 4 ,x 5 ) = Xi+X 2 +X 3 -X 4 -X 5 . 
2x\ — s, 2x2 — s, 2x 3 — s_ 



3-^2 



2x d 



2x* 



T(s)T(2x 4 )T(2x 5 ) 
is a symmetric function of the five variables 21, 22, 23, 24, 25. 



The function 
(2.3) 



Care is needed using this theorem, since s is not a symmetric function of X\,X2, x 3 , 24, 25 
and some of the 3-F 2 -series might not be convergent. This result is surprising since one 
could not expect a priori a much bigger invariance group than 63 x 62, obtained by the 
permutations of {xi,x 2 ,x 3 } and {24,25}, which trivially leave (|2.3|) invariant. 

3. The Rhin- Viola group for £(2) 



In 1996, Rhin and Viola introduced in ^T] the integral 

- h '\ - xYv k (i - 



1 r l 



I(h,i,j,k,l) 




2 



yy 



dx dy, 



(3.1) 



'0 Jo K^-xyY 

which is convergent under the assumption that h,i,j,k,l are non-negative integers, which 
will be the case throughout the rest of this article unless otherwise stated. Their motivation 
was to use the fact that I(h, i,j, k, I) 6 Q + QC(2) to get a good irrationality measure for 
C(2) = X] n >i l/"^ 2 = 7]_2 /6, as had been done in previous work using similar but less general 
integrals (see the bibliography in |Hj). They developed a beautiful new algebraic method 
for handling the general case above and were rewarded with the best known irrationality 
measure for 7r 2 . See also jHlEHj for related work. 

From now on, we focus essentially on the hypergeometric structure underlying their 
method, which is made transparent by the identity (see Section 01 where we recall the 
proof for z = 1) 



3^2 



a, b, c 
d, e ' 



r(d) r(e) 



1 rl 



T(a)T(d-a)T(b)T(e-b) 




2 a_1 (l - 2) d ~ a ~V~ 1 (l 



y) 



e-b-l 



JO 



zxy) c 



dx dy, 
(3.2) 
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which is valid provided 3ft(cf) > 3ft(a) > and Oft(e) > 3ft (6) > if \z\ < 1, with the further 
assumption that 3ft(d + e — a — b — c) > if z = 1. To simplify, we set B(h, i,j, k, I) = 
I(h,i,j,k,l)/(h\i\j\k\l\). The main new idea in [Tj] was to use the action of a group on 
the parameters of h,i,j,k,l leaving the value of B(h,i,j,k,l) invariant. To do this, Rhin 
and Viola showed that, under the two changes of variables {X = y,Y = x} and {X = (1 — 
x)j (1 —xy), Y = 1 — xy}, the value of I(h, i,j, k, I) (and hence also that of B(h, k, I)) is 
not changed if the parameters are permuted by the product of transpositions a = (h k)(i j) 
and the 5-cycle r — (h i j k I). The group T = (a, r) generated by a and r is isomorphic 
to the dihedral group of order 10: for a visual proof, place the letters h, k, I, in this 
order, at the vertices of a regular pentagon. 

But a more important invariance group can be obtained by extending the action of a 
and t by linearity to the set & = {h, i,j,k,l,j + k — h,k + l — i,l + h — j,h + i — k,i + j — 1} 
(by "linearity", we mean r(h + i — k) = r(h) + r(i) — r(k) = i + j — I, etc.). Provided 
the five values j + k — h, k + I — i, I + h — j, h + i — k, i + j — I are non- negative (see 
Theorem |H] in Section 0] for the arithmetic meaning of this hypothesis). One can then 
use the apparent loss of the trivial symmetries in the parameters a, b, c and d, e on the 
right-hand side of (|3.2j) to prove that the value of B(h,i,j,k,l) is invariant under the 
permutation on & defined by (p — (h i + j — I + h — + k — h k + l — i). Rhin and 
Viola managed to prove that the group $ = (tp, a, r) acting on and leaving the value 
of the associated integrals invariant can be viewed as the permutation group ©5 acting on 
the set {h + i, i+j, j + k, k + l, I + h}, and hence has cardinality 120. This remark was 
first made by Dixon jlj, in an even more general form. 

Theorem 4 (Dixon) . Assume that the complex numbers h,i,j,k,l,j + k — h,k + l — i,l + 
h— j,h + i — k,i + j — I have real part > —1. Then the integral B(h, k, I) (where x\ is 
assumed to mean T(x + 1) for complex x) is a symmetric function of the five parameters 
h + i,i + j,j + k, k + l, I + h. 

Finally, Rhin and Viola proposed the following conjecture. 

Conjecture 1 (Rhin- Viola). Let h,i,j,k,l,h',i',j',k',l' be non-negative integers. 

(i) If I(h,i,j,k,l) = I(h' ,i' ',f ',k' ',/'), then there exists p e T such that p(h) = h',p(i) = 

i', P(J) = f, P( k ) = k ' and P(0 = v - 

(ii) Suppose furthermore that the numbers 

j + k — h, k + 1 — i, l + h — j, h + i — k, i+j — I (3.3) 
j' + k'-ti, k' + l'-i', l' + h'-j', h' + i'-k', i'+j'-l' (3.4) 

are all non-negative. If I(h,i,j,k,l)/I(h',i',j',k',l') G Q, then there exists p G $ such 
that p(h) = h', p(i) = i', p(j) = j', p(k) = k' and p(l) = I'. 

The truth of (i) and (ii) would have shown that their method is optimal, but both have 
been shown to be false in 2001 by Susumu Sato [T5] . who found the following counter- 
examples, apparently by numerical inspection. 



Theorem 5 (Sato). Both cases of Conjecture^ are false, as shown by the following six 
counter-examples: 

7(1, 1, 1,1,1) = 5- 3C(2) = 7(3, 1, 1, 2, 0), (3.5) 

7(3, 1, 2, 2, 1) = 79/4 - 12C(2) = 7(4, 2, 2, 3, 0), (3.6) 

7(3, 1, 2, 1, 1) = 3C(2) - 59/12 = 1(3, 3, 1, 3, 0), (3.7) 

7(3, 2, 2, 2, 1) = 10C(2) - 148/9 = 7(5, 1, 3, 2, 1), (3.8) 

7(3, 0, 3, 1, 1) = 9C(2) - 59/4 = 97(3, 3, 1, 2, 1), (3.9) 

7(3, 1, 3, 1, 0) = C(2) - 29/18 = 7(3, 2, 1, 2, 0). (3.10) 

(Sato mis-stated (|3.9|) as 7(3,0,3,1,1) = 7(3,3,1,2,1). The reader should also note 
that (|3.7|) and (|3.9|) altogether relate four different integrals rationally.) Equation (|3.5j) is 
already a counter-example to both (i) and (ii). The following questions are natural, but 
were not considered by Sato: 

• Are these counter-examples merely numerical accidents, or do they admit a theo- 
retical explanation? 

• Do there exist infinitely many counter-examples to the conjecture of Rhin and 
Viola? 

We give a complete answer to both questions in the two theorems below which we prove 
in Sections 191 and fTTl respectively. 

Theorem 6. (i) Sato's counter-examples (13.5)1 up to ()3.9|) can be explained by purely 
hypergeometric means, i.e., there exists a general hypergeometric identity that generates 
them. 

(ii) For each integer a > 1, the equation 

I(2a -1,2a- 1, a, 2a -l,a) = I(2a + 1, 2a - 1, a, 2a, a - 1) (3.11) 
provides a counter-example to the cases (i) and (ii) of Conjecture^ 

Theorem 7. (i) Sato's counter-example ()3.10|) can be explained by purely hypergeometric 
means, i.e., there exists a general hypergeometric identity that generates them. 
(ii) For each integer a > 2, the equation 

I(a 2 — 1, a — 1, a 2 — a + 1, a — 1, 0) = (a — 1) I(a 2 — 1, a, a 2 — a — 1, a, 0) (3.12) 

provides a counter-example to case (ii) of Conjecture^ and also to case (i) if a = 2. 

Remarks. (1) A particularly elegant instance of (jl.l|) is the one where 7 = a + (3: for any 
complex numbers a and (3 which are not non-positive integers and which satisfy $t,(a + [3) > 
0, we have 



3-^2 



' a+ 1, (3 + 1, a + f3 
2a + (3 + l,2p + a + V 



2 



a, (3, a + (3 
2a + /3 + 1,2(3 + a + V 



(3.13) 



The action of Thomae's relations on both sides of ()3.13|) independently provides ten vari- 
ations of ()3.13|) . up to trivial symmetries: one example, given by ()9.5|) in Section will 
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be used in the proof of Theorem El Equation (j3.11|) follows from the case of (j3.13j) where 
a = f3 is a positive integer. Furthermore, we shall show in Section El that I(2a — 1,2a — 
l,a,2a — 1, a) tends to as a tends to infinity: this fact implies that ([3.11(1 provides 
infinitely many counter-examples to Conjecture ^ 

(2) As we show in Section [71 the "general" hypergeometric identity that generates ()3.5|) 
up to ()3.9|) is exactly identity ([1.1(1 . via the translation between integrals and hypergeo- 
metric 3 F 2 -series given in (13.2(1 . Equation ()3.11|) is a special case. 

(3) Similarly, we show in Section UJ that the "general" hypergeometric identity that 
generates ()3.10|) is exactly identity (jl.2j) . again via the translation ()3.2|) . Equation ()3.12|) 
is a special case. Since we show there that the integral on the left-hand side of (I3.12|) 
tends to zero as a tends to infinity, also (|3.12|) provides infinitely many counter-examples 
to Conjecture [TJ 

(4) It would also be interesting to look at the analogous problem arising from the group 
action on the triple integral 

'* f 1 f 1 u h (l -u) l v k (l -vYwHl -w) q , , , ^ rt>/0 . 
1 1 ! dudvdw e Q + QC(3) 




/ Jo Jo (1 - (1 - Uv) W )«+ h -r+l 

found by Rhin and Viola in [12] : do there exist exotic relationships between such integrals 
that are not described by this group action? Note that this action admits an interpretation 
in terms of very-well-poised 7_F 6 -series exactly in the style of Theorem El (see [231 Sec. 4] 
for the passage from the integrals to very- well-poised 7_F6-series, and [T7[ Proposition 5, 
q — > 1, p. 6698] for a particularly elegant formulation of the group structure). For very 
clear expositions of various group actions on (q— ) hypergeometric series, see [T^l HZj and 
the references therein. 

4. From Dixon to Thomae 

In this section, we show more precisely how Rhin and Viola's integrals are related to 
hypergeometric series. To get a new expression for the integral I(h, i,j, k, I), we transform 
the integrand of ([3.1(1 by using the binomial series expansion 



'I - xyY+i-^ 1 ^ n\ 

v yJ n=0 



< * n 1 



and the beta integral evaluations 



1 n+hn {n + h)\i\ f 1 „ +fc/1 .,, (n + k)\j\ 

x n+h (l - x)*dx = tt, / y n+k (l - y) 3 dy - 



o 



n + h + i + l)\ Jo (n + k + j + l)\ 



We have 



III k\ l\ *-^L n\ (n + h + % + 1)! {n + k + j + 1)! 



n=0 

h + 1, k+ + j - I + 1 



l\ (h + i + l)\(k + j + V 



3-^2 



h + i + 2,k + j + 2 ;1 



(4.2) 



since the interchange of summation and integral is justified by Fubini's theorem. The 
passage from (|4.1j) to (|4.2j) uses the trivial identity (a + n)\ = a\ (a + l) n . 

Under this interpretation, it is not surprising that the group obtained by Dixon and 
Rhin- Viola should be a reformulation of Theorem El in terms of integrals rather than 
series. Indeed, if we define a bijection between the tuples (xi,X2, 23, X4, 25) and (h, k, I) 
by 

h+1— x\ - x 2 - x 3 + x 4 + 25, 
1 + 1 = —x 1 + x 2 + x 3 + x 4 - 2 5 , 

j + 1 = 2i - 2 2 + 2 3 - 2 4 + 2 5 , 
k + 1 = —X\ + 2 2 - 2 3 + £4 + 2 5 , 
I + 1 = 2i + 22 + 23 — 24 — 25 = S, 

then we see that B(h, i,j, k, /), written as ()4.2|) . perfectly matches ()2.3|) and the 120 possible 
series are all convergent if the ten integers in the set & are non-negative. Since 

2 Xl = I + h + 2, 2x 2 = k + I + 2, 2x 3 = i + j + 2, 2a; 4 = /i + i + 2, 2x 5 = j + k + 2, (4.3) 

we also see that the symmetry of ()2.3|) in the variables 21, 22, 23, 24, 25 is equivalent to the 
symmetry of B(h, i,j, k, I) in the variables h + i, i + j, j + k, k + I, I + h. 

5. When is I(h,i,j,k,l) rational? 

In this section we answer the question of "simple-minded" counter-examples to Conjec- 
ture ^ that was raised in the Introduction. 

Theorem 8. Let h,i,j,k,l be non-negative integers. Then the following assertions are 
equivalent: 

(a) The integers j + k — h, k + I — i, I + h — j , h + i — k, i + j — I are all non-negative. 

(b) The integral I(h,i, j, k, I) is an irrational number. 

Remarks. (1) We remarked earlier (see ()3.2|) and ()4.2|0 that I(h, i,j, k, I) is essentially equal 
to a 3_F 2 -series. If we translate Theorem |H] into the analogous theorem for 

a, b, c 



3 r 2 



d, e ' ^ 



(5.1) 



via the relations a — h + 1, b — k + 1, c — i + j — 1 + 1, d — h + i + 2, e — k + j + 2, we 
get the following necessary and sufficient condition for the irrationality of the series (|5.1j) 
for integral values of a, b, c, d, e: 

d + e> a + b + c+1, a > 1, b > 1, c > 1, (5.2) 

d > max{a, 6, c} + 1, (5.3) 

e > max{a, b, c} + 1. (5-4) 

(2) As a marginal consequence, Theorem |H] proves that the analogue of the case (ii) of 
Conjecture [TJ where we now suppose that the non-negativity condition (|3.3J) is not true, 
cannot hold either. Indeed, if one of the integers in ()3.3|) were negative and none in ()3.4|) 
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were negative, then the value of I(h,i,j,k,l)/I(h',i',j',k',l') would be irrational and the 
conjecture would be empty. And if one of the integers in (J3.3|) and one in (J3.4)) were 
negative, then the conjecture would be trivially false because, although I(h,i,j,k,l) and 
I(h' ,i' , j' , k' ,V) are rational, there exist many ^-unrelated choices for h,h', etc.: one may 
consider 1(1, 1, 1, 1, 3) and 1(1, 1, 1, 1, 4) for example. 

Proof of Theorem® We first show the implication (b) => (a). Since the parameters j + 
k — h, k + I — i, I + h — j, h + i — k, i + j — I are cyclically permuted by r G T, if one 
of them were negative, then without loss of generality, we may assume that it is i + j — I. 
But i + j — I < —1 implies that the integrand of I(h, k, I) is a polynomial with integral 
coefficients and hence that I(h,i, j, k,l) G Q. 

The reverse implication (a) =^> (b) is a little bit more complicated. Since i,j and i+j — I 
are positive integers, we can write the expansion (j4.1)l in the equivalent form: 

( ' (i + 3 ~ 0' ~* (n + h + l) i+1 (n + k + ' (5 ' 5) 

(We have used trivial identities such as (n + h + i)\/(n + h)\ = (n + h+l) i+ i.) We know that 
I(h, i,j, k, I) G Q + QC(2) and it will be enough to prove that the coefficient p(h, i,j, k, I) 
of the irrational number £(2) is non-zero. A standard way to find an explicit expression 
for this coefficient is to expand the summand of (J5.5|) . which is a rational function of 
n, in partial fractions (see the introduction of 8\ for details in many similar cases and 
references). All computations done, one finds that 

min(h+i,k+j) / • \ / • \ / \ 

p(M j,m) =(-i)—' e (.: fc )(,i fc )( i+ ;_ J > 

s=max{h,k,i+j-l) v 7 v 7 

with the convention that the value of the sum is if it is empty. The latter is the case if 
and only if min(/i + i, k + j) < max(/i, k,i + j — I). 

We now show that condition (a) ensures that the sum is non-empty and hence that 

(-l) h+i+j+k+l p(h,i,j,k,l)>0, 

because it is a sum of binomial coefficients. We have already used the fact that i+j — I > 0. 
Since the inequalities h+i — k > and k+j — h > imply that max(/i, k) < mm(h+i, k+j), 
it only remains to show that i+j— I < min(h+i, k+j) to finally prove that min(h+i, k+j) > 
max(/i, k,i + j — I). But min(/i + i, k + j) — (i + j — I) = mm(h + 1— j,k + l — i) > 0, which 
finishes the proof. □ 

6. Effective computation of Thomae relations 

In this section, we show how to compute the complete set of (generically) 120 Thomae 
relations (convergent or not) for any given siVseries with argument 1. We need this to 
transform Sato's counter-examples into more suitable forms. The most effective way to do 
this is by using the parametrisation 2x\ — s, 2x2 — s, 2x 3 — s and 2x4, 2^5 of the upper and 
lower parameters of the si^-series from Theorem El If we denote the upper parameters by 
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a, b, c and the lower parameters by d, e, then x\, x 2 , x 3 , x 4 , x 5 , s and a, b, c, d, e are related 
by 

2x\ = d + e — b — c, 2x 2 = d + e — c — a, 2x3 = c? + e — a — 6, 2x4 = cf, 2x5 = e, 

and 

s = Xi + x 2 + 23 — x 4 — x 5 = lid + e — a — b — c). 

If one prefers the integral setting, then one gets the parametrisation of Theorem |3] of the 
integral I(h, i,j, k, I) by the formulae (|4.3|) given in Section EJ 

The following simple Maple commands compute all possible values of the arrays of pa- 
rameters [2x p (i) - s p , 2x p (2) - s p , 2x p (3) - s p ; 2x p (4), 2x p (i)] (with s p = x p ^ + x p(2 ) + Xp (3) - 
x p (4) — Xp(i)) over all permutations p of {1, 2, 3, 4, 5}, with the nice feature to output only 
the term- wise different arrays (viewed as 5-tuples by the program): 

> with(combinat) : 

> p := (u, v, w, x, y)— > permuteQu, v, w, x, y]) : 

> s := (u, v,w,x,y)— > u+v+w — x — y: 

> A := (u, v, w, x, y)— > [2*u — s(u, v, w, x, y), 2*v — s(u, v, w, x, y), 2*w — s(u, v, w, x, y), 2*x, 2*y] : 

> T := (u,v,w,x,y)-> seq(A(op(l, op(j , p(u, v, w, x, y))), op(2, op(j , p(u, v, w, x, y))), 
op(3, op( j , p(u, v, w, x, y))), op(4, op( j , p(u, v, w, x, y))), op(5, op( j , p(u, v, w, x, y)))), 
j = l...nops(p(u,v,w,x,y))): 

> F := (a,b, c,d, e)-> T((d+e-b-c)/2, (d+e -c-a)/2, (d+e-a-b)/2, d/2, e/2) : 

> I := (h,i,j,k,l)-> T((h+l + 2)/2,(k+l + 2)/2,(i + j+2)/2,(h+i + 2)/2,(j+k+2)/2): 

The function T computes all the different expressions for the value of the symmetric function 
in Theorem El F does the same for a 3 F 2 [a,b,c]d,e} and I for i 1 ) I(h,i,j,k,l). Only the 
Gamma-factors are not computed, but this could be easily done. For example, we obtain 

> 1(1,1,1,1,1); 

[2,2,2,4,4] 

> 1(3,1,1,2,0); 

[4,3,3,6,5], [2,1,3,4,5], [3,2,3,6,4], [1,1,2,4,4], [2,4,2,5,5]. 

Maple outputs 25 other arrays for 1(3, 1, 1, 2, 0) but since they correspond to the five above 
by the trivial symmetries, we do not list them. We can also find the Thomae relations for 
both sides of counter-example (j3.10|) : 

> 1(3,1,3,1,0); 

[4,2,5,6,6], [1,2,2,6,3], [1,4,4,5,6], [1,1,1,3,5] 

> 1(3,2, 1,2,0); 

[4,3,4,7,5], [2,1,4,5,5], [1,1,3,4,5], [3,3,3,4,7]. 



The letter "I" denotes the complex number i in Maple and one must use another symbol. But since 
is not Maple, there is no problem here. 
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This shows that the relations 1(1, 1, 1, 1, 1) = 1(3, 1, 1, 2, 0) and 1(3, 1, 3, 1, 0) = I(3, 2, 1, 2, 0) 
are not consequences of Thomae relations. Similar computations provide a verification of 
the other counter-examples. 



7. The pattern behind Sato's counter-examples 

With the interpretation given in Section the case (ii) of Conjecture Q can be reformu- 
lated as follows: 

If there exists a linear dependence relation over Q between two convergent S F 2 - series 
with argument 1, with integral parameters, and whose values are irrational numbers, then 
this relation is a specialisation of one of the 120 Thomae relations. 

Sato's counter-examples destroy this hope. We can formulate his counter-examples (13 .5|) 
and ()3.6|) in hypergeometric form (with simplification of the Gamma-factors) as follows: 



3-^2 



2,2,2 
4,4 ' 



3 F 

2 

20 



4,3,3 
6,5 



;1 



and 



3-^2 



4,3,3 
6,6 ' 



2 p 

3-T2 

21 



5,4,5 
8,7 ' 



Under this form, the parameters on the left-hand sides and those on the right-hand sides 
seem still rather unrelated, and it is thus still unclear whether we face numerical accidents 
or if there is something deeper behind. 

However, a natural thing to do here is to seek new numerical relations by applying 
Thomae's transformations (using the Maple commands of the previous section) to each of 
the four si^-series in (J7|, independently. We find that we are trying to prove that 



3-^2 



2,2,2 
4,4 ' 



2 3F2 



1,1,2 
4,4 ' 



and 



3-^2 



3,2,3 
6,5 ' 



2 3-^2 



2,1,3 
6,5 ' 



(7.1) 



where a pattern now emerges, explained by the earlier identity (|3.13|) . 

The hypergeometric forms of the three counter-examples (|3.7|) . ()3.8|) and ()3.9|) are 



3^2 



4,2,3 
6,5 ' 



35 



3^2 



4,4,5. 
8,6 ' 



3^2 



4,3,4 
7,6 



;1 



3^2 



3^2 



4,2,3 x 



5,6 



6,3,4 
8,7 ' 



21 



3-^2 



4,3,4 
8,5 ' 



, (7-2) 



which become much more illuminating when rewritten as 



3-^2 



3,2,4 
6,5 ' 



3-^2 



2,1,4 
6,5 ' 



3-^2 



3,2,2 
6,5 ' 



3-^2 



3 
3F2 



2,1,2, 
6,5 ' 



3,2,4 
6,5 ' 



3^2 



2,1,4 
6,5 ' 



by using Thomae's relations. (In particular, (|3.7|) and ()3.9|) are consequences of the same 
identity). The connexion with Theorem^ is now clear. 
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Finally, the hypergeometric form of the counter-example (j3.10j) is 

6,6 ' J 

which is obviously the special case a — 4, (3 



3^2 



5 F 
9 3 F 2 



;1 



7,5 

3, 7 = 4 of (P . 
8. Proof of Theorem [U 



(7.3) 



For the proof of we need the following transformation formula due to Verma and 
Jain (see [3J (3.5.10), q — > 1, reversed], being implied by 18, (4.1)]) between a 3_F 2 -series 
and a very-well-poised 7_F 6 -series: 



3-^2 



6, c, d 



a, a 



6 + c 



;1 



r(2a) T(2a - 26 - d) T(a - 6 + c) r(a - d + c) 

d + c) 



r(2a - 26) T(2a - d) T(a + c) T(a - 6 
a 



x 7 F e 



c a e I 1 

2 J 2 2 2 

» _ I fl _),±r fl _^l O — - + - 2 + £ 

2 4;" 17 ~ 2' 2^2' 2'2 n 2 n 2'2 n 2 



1 _|_ 3 J, o[ £: _|_ A £ 
2>2'4' '2'2' _ 2'2 



:1 



U) 



If we apply this transformation to the 3-F 2 -series on the left-hand side of (jl.lj) . then we 
obtain 

r(q + 2/3 + 1) T(4a + 2/3 + 2) T(2a + 2/3-7) T(2a + 2/3-7 + 2) 
T(2a + 2/3) T(2a + 2/3 + 2) T(a + 2/3 - 7 + 1) T(4a + 2/3-7 + 2) 

2a + + §, a + § + f , a + 1, \, \ + §, a, a + | 
ff + i,a + /3+|,2a + /3-| + |,2a + ^- | + l,a + /3 + |,a + /3+l 



x 7 F 6 



5.2) 



We permute the parameters in the 7 Fa-series to get the equivalent expression 

r(a + 2/3 + 1) T(4a + 2/3 + 2) T(2a + 2/3-7) T(2a + 2/3-7 + 2) 
T(2a + 2(3) T(2a + 2/3 + 2) T(a + 2/3 - 7 + 1) T(4a + 2/3-7 + 2) 

2a + /3 + ~, a + | + |, a, |, | + |, a + ~, a + 1 . 
a + | + i,a + /3+§,2a + /3-^ + §,2a + /3-^ + l,a + /3 + l,a + /3 + i' 



x 7 F 6 



5.3) 

To this 7-Fg-series, we apply the transformation ()8.1)1 in the backward direction, that is we 
apply the transformation 



a, § + 1,6, c, c + ~,d, d + 1 



|,a — 6 + l,a — c + l,a — c + |,i 



2 • 1 

d + 1, a — d+ 2' 



T(2a -26+1) T(2a - 2c + 1) T(2a - 2d + 1) T(2a - 6 - 2c - 2d + 1) 
" r(2a + 1) T(2a - 26 - 2c + 1) T(2a - 6 - 2d + 1) T(2a - 2c - 2d + 1) 

Thus we directly arrive at the right-hand side of (jl.lj) . 



2a 



2c, 6, a - 2d + \ 



6 



2d+ l,a + i ; 1 
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9. Proof of Theorem El 

As already mentioned in Section the cases (a, (3, 7) = (1,1,2), (2,1,3), (2,1,4), 
(2, 1, 2), (2, 1, 4) of identity (jl.lj) are simply reformulations of Sato's counter-examples (|3.5j) 
up to (|3.9|) and (i) is proved. 

For (ii), the idea is to prove that no specialisation of both sides of f!3.13|) can follow 
from the 120 Thomae relations, at least when a = (3. One may note that ()3.13|) cannot 
formally be a consequence of any of Thomae's relations since two (one would be enough) 
of its specialisation are not such consequences. But this does not rule out the possibility 
that some other specialisations would follow from Thomae's relations. However, we show 
that this is never the case when a = (3 is a positive integer. 

We first determine the 120 Thomae relations for the left-hand side of (I3.13j) when a = f3 
and to do this painlessly, we express 



3-^2 



a + 1, a + 1, 2a 
3a + 1, 3a + 1 



;1 



(9.1) 



in the symmetric form ()2.3|) in Theorem El which gives 2xi = 2x2 = 2x4 = 2x5 = 3a + 1 
and 2x 3 = 4a. The permutations of xi, x 2 , x 3 , x 4 and x 5 show that (|9.1|) is related only to 
the 3 F 2 - series 



3-^2 



a + 1, a + 1, 2a 
3a + 1,3a + 1 ' 



3 r 2 



2a, 2a, 2a 
3a + 1,4a' 



(9.2) 



and those obtained by the trivial symmetries. The same process applied to the right-hand 
side of (CTEty (for a = (3), 

a, a, 2a 



3^2 



3a + l,3a + l' 



(9.3) 



gives 2xi = 2x 2 = 3a + 2, 2x 3 = 4a + 2 and 2x 4 = 2x 5 = 3a + 1. The permutations of xi, 
%2i £3, £4 and £5 show that ()9.3|) is related to the five 3-F 2 -series 



3-^2 



a, a, 2a 
3a + 1, 3a + 1 



;1 



3-^2 



2a + 2,2a + l,2a + l 



4a + 2, 3a + 2 



;1 



3^2 



2a + 1, a + 1, a 
3a + 2,3a + 1 ' 



3-^2 



2a + 1,2a + 1,2a 
4a + 2,3a + l ' 



3-^2 



2a + 2, a + l,a + 1 
3a + 2, 3a + 2 



;1 



(9.4) 



and those obtained by the trivial symmetries. 

Inspection quickly reveals the impossibility of any numerical coincidence between one of 
the two arrays of parameters in ()9.2j) and one of the five arrays in (|9.4|) . even with trivial 
symmetries. However, each such coupling provides a variation of ()3.13|) and, for example, 
we have that 



3-^2 



2a, 2a, 2a^ 
4a, 3a + 1' 

which will be used below. 



a(2a + 1) 



(3a + l)(4a + l 



3^2 



2a + 2, 2a + 1,2a + 1_ 
4a + 2, 3a + 2 : 



(9.5) 
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We are now in a position to prove the claim about the infinity of counter-examples to 
the cases (i) and (ii) of Conjectured First, thanks to (J4.2|) . we have that 



(2a — l)! 3 a! 

I (2a -1,2a- 1, a, 2a - 1, a) = - ' ' 3 F 2 

(4a — lj! (3a)! 



2a, 2a, 2a 
4a, 3a + 1' 



and 

f2a + 2,2a + 1,2a + 1 



r/o i o 1 n ,N (2a +1)! (2a)! (2a -1)! a! _ 

/ 2a + l,2a-l,a,2a,a-l = " (A , W ,~ , ,J 3^2 

(4a + 1)! (3a + 1)! 



4a + 2, 3a + 2 ' 1 



We can relate these two equations by ([9.5)1 . and the simplification of the Gamma-factors 
yields 

I (2a — 1,2a — 1, a, 2a — 1, a) = I (2a + 1, 2a — 1, a, 2a, a — 1), 

which is exactly the identity ()3.11j) we are looking for. For both integrals, the non- 
negativity conditions ()3.3|1 and ()3.4j) in case (ii) of Conjecture Q are verified and the above 
discussion proves that there exists no permutation p in the group 3> (and, a fortiori, also 
none in T) such that p(2a — 1) = 2a + 1, p(2a — 1) = 2a — 1, p(a) = a, p(2a — 1) = 2a, 
p(a) = a — 1. Thus, for each value of the positive integer a, we obtain a counter-example 
to the cases (i) and (ii) of Conjecture ^ at the same time. That this provides infinitely 
many counter-examples is a consequence of the fact that I(2a — 1,2a — l,a,2a — l,a) 
tends to as a tends to infinity, because 

lim I(2a-l,2a-l,a,2a-l,a) 1/a 



max 



x (1 — x) y (1 — y) 



Or,y) G [o,i] 2 V (i-xyf 



17- 12V2< 1. 



Remark. We could do the same thing with a not necessarily equal to (3. To find all Thomae 
relations for the left-hand side of (|3.13j) . one should use Theorem El with 

2xi = 2x 4 = 2a + (3 + 1, 2x 2 = 2x 5 = 2(3 + a + 1, 2x 3 = 2a + 2(3, 

leading to five different arrays up to trivial symmetries, and for the right-hand side with 

2xi = 2a + (3 + 2, 2x 2 = 2(3 + a + 2, 

2x 3 = 2a + 2(3 + 2, 2x 4 = 2a + (3 + 1, 2x 5 = 2(3 + a + 1, 

leading to a complete set of 120 different arrays for generic a and (3 (in fact, only 10 arrays, 
up to trivial symmetries). This explains why we consider only the case a = (3, which is 
much simpler to deal with. 

10. Proof of Theorem [21 

In order to derive Theorem El we require the following proposition, relating two "con- 
tiguous" 3_F2-series in a way that the "rest" is a closed form expression. (See the Remark 
after the proof of the proposition for an explanation of the term "contiguous.") 



15 



Proposition 1. For any complex numbers a, b, c such that 5J(d — b — c + 1) > 0, and such 
that a + 1 and d are not non-positive integers, we have the identity 



3-^2 



a,b,c _ ^ 
a + 1, d' 



(a - b + l)(a - b + 2) (a - c+ l)(d - 1) 
(a + - l)(a - d + 2)(a - d + 1) 



"3^2 



a + 1, b — 1, c 
a + 2,d - 1 



;1 



+ 



(1 - a - a 2 - b + c + ac - be - d + bd) T(d) T(d - b - c + 1) 



(b- l)(a-d + 2)(a-d+l) 
Proof. We start by applying the contiguous relation 



T(d-b)T(d-c) 



(10.1) 



3^2 



A 1 ,A 2 ,A 3 
Bx, B 2 



3 r 2 



(l-A 1 + A 2 )(B 1 -l ) 
(A 1 -1)(1 + A 2 - B 1 

A 2 (B 1 - A, 



A 1 - 1, A 2 , A 3 
B 1 -1,B 2 ' 

'A x - 1,A 2 + 1,A 3 _ 
Bx, B 2 



+ (A 1 -i)'(i 1 -^-l) ^ ""* ~ 1 "°' Z ' (10 ' 2) 

with Ax = b, A 2 = a, and Bx = d, to the 3_F 2 -series on the left-hand side. This yields the 
expression 



(a-6+l)(d-l) 
{b- l)(a-d+ 1) 



3-^2 



a, b — 1, c 
d - l,a + 1' 



a(d — 6) 



(6- l)(a-d+l) 



b-l,c 
d ' 



We sum the 2-F\-series by means of the Gaufi summation formula (see [HJ (1.7.6); Appendix 
(III.3)]) 



iFx 



a, b 



;1 



Thus, we obtain 

(a - b + l)(d- 1) 

(6- l)(a-d+ 1) 
Next we apply the contiguous relation 



3^2 



a, b — 1, c 
a + 1, d — 1 



;1 



3-^2 



'^1,^2,^3 

-Bi, B 2 



3-^2 



A x + 1, A 2 , A 3 
Bx, B 2 



T(c)T(c-a-b) 
T(c-a)T(c-b)' 

aT(d)T(d-b-c + l) 
{b - I) (a - d + 1) T(d - b) T(d - c) 

"^ + 1,^2 + 1,^3 + 1 



(10.3) 



4^3 „ 

Z B~x~B~ 2 



Bx + l,B 2 + l 



with = a. This gives 



(10.4) 



(a-6+l)(d-l) 
(6- l)(a-d+l) 



-Fx 



6 - 1, c 
d- 1 



;1 



(a - b + l)c 
(a + l)(a - d+1) 



3-^2 



a + 1, 6, c + 1_ 
a + 2,d ' 

ar(d)r(d-6-c+l) 



(6 - 1)(-1 - a + d) T(d - b) T(d - c) ' 

Of course, the 2-^i-series can be summed by means of the GauB summation formula (|10.3|) . 
After some simplification, we arrive at 



(a - b + l)c 
(a + l)(a -d + 1) 



3^2 



a + 1, b, c + 1 
2 + a, d 



;1 



(1 + a + c - d) T(d) r(d - 6 - c) 
(a-d + l)T(d-6)r(d-c) 



(10.5) 
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Now we apply another time the contiguous relation (jl0.2|) . this time with A\ = b, A 2 = a+1, 
and Bi = d. We obtain 



(a-6 + l)(a-6 + 2)c(d-l) 



3^2 



(a + 1)(6 - l)(a - d+ l)(a - d + 2 

(a -b+ l)c(d-b) 



a + l,b 

a + 2,d-l 



+ 



(6- l)(o-d+l)(o-d + 2) 



2^1 



6- l,c + 1 
d 



;1 



+ 



(a + c-d+l)r(d)r(d-6-c) 
(a - d + l)T(d - b)T(d - c) 
and after evaluation of the 2-Fi-series by means of Gau8' summation formula fjl0.3|) . 



(o-6 + l)(a-6 + 2)c(d-l) 
[a + l)(b-l)(a-d+l)(a-d + 2] 

+ 



3 r 2 



a + 1, b — 1, c + 1 
a + 2,d-l ' 

P(o,6, c, d) T(d) T(d - 6 - c) 



(6 - l)(a - d + l)(a - d+ 2) r(d - 6) T(d - c) ' 
where 

P(a, b, c, d) = —2 — 3a — a 2 + 2b + 3ab + a 2 b — 3c — 2ac + 36c + abc — c 2 — ac 2 

+ be 2 + 3d + 2ad - 36d - 2a6d + 2cd + acd - 2bcd - d 2 + bd 2 . 
The final contiguous relation that we apply is 



3-^2 



Bi, B 2 



A x -A 2 



A, 



3-^2 



1,^2,^3 



Al - 1, Sl 2 

B\ : B 2 
A 2 



+ 



A 1 



3 r 2 



A x - 1,A 2 + 1,A 3 



Bi, B 2 



10.6) 



with Ai = c + 1 and A 2 = a + 1. The result is 



(a - b + \){a - b + 2)(o - c + l)(d - 1) 
(a + 1)(6 - l)(a - d + l)(a - d + 2) 



3-^2 



a + 1, b — 1, c 
a + 2,d- 1 ' 



(a-6+l)(a-6 + 2)(d- 1) 
(6-l)(a-d + l)(a-d + 2) 



'6-l,c 
d- 1 ' 



+ 



P(a,6, c, d) T(d) T(d - 6 - c) 



(6 - l)(a - d+ l)(a - d + 2) T(d - 6) T(d - c) ' 
A last use of Gaufi' summation formula and some simplification then leads to IjlO.lj) . □ 

Remark. Since we shall re- use it in Section El it will be beneficial if we briefly summarise 
the idea of the proof of the above proposition: it is crucially based on the fact that the 
3-F2-series on the left of (110. 1J) has the parameter a on top and the parameter a + 1 at 
the bottom. Now we apply elementary contiguous relations (such as the one in (|10.2j) ). 
In principle, it expresses our 3 F 2 -series as a sum of two other 3 F 2 -series in which the 
parameters are "contiguous" to the original 3F2-series, meaning that they differ from the 
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parameters of the original series by small integer amounts. (In ()10.2|) . these differences are 
and ±1.) However, in one of the two 3_F 2 -series on the right-hand side of the relation, 
the top parameter A2 = a is raised by 1, while the bottom parameter B2 = a + 1 is left 
invariant. Thus, the two (a + l)'s cancel, and the 3_F 2 -series reduces to a 2-Fi-series, to 
which the Gaufi summation formula (jl0.3J) can be applied to express it in closed form. 
This partial simplification happens as well when we apply the contiguous relations ()10.4|) 
and (jl0.6|) . Thus, each time, we obtain a 3_F 2 -series plus an additional expression in closed 
form. These additional expressions are put together, and they finally form the expression 
containing the gamma functions on the right-hand side of ()10.1|) . However, since several 
similar, but not identical, such expressions were put together, when factoring the resulting 
term, a polynomial factor built up. Hence, in order to obtain a relation between two 3_F 2 - 
series without any additional term, this polynomial factor must vanish. While, normally 
(i.e., if one plays the above described game in a random fashion), equating this polynomial 
factor to zero will not have any nice solutions (in particular, no integral solutions, which we 
would however need to construct counter-examples to the conjecture by Rhin and Viola, in 
the cases of Propositions ^SJ), the contiguous relations have been carefully selected so that 
at least one of the variables a, b, c, d is contained only linearly in the polynomial factor. 
This makes it possible to have many non-trivial solutions when equating the polynomial 
factor to zero. 

In view of the above remark, the proof of Theorem |2] is now straight-forward. 

Proof of Theorem® If we now choose d such that the polynomial factor on the right-hand 
side of (I10.1J) vanishes, that is, 

, a(a — c + 1) 

d = c+-— ^ + 1, 

o — l 

and subsequently do the replacements a — > a, b — > j3, c — > 7, then we obtain exactly 



11. Proof of Theorem [7] 

As already mentioned in Section the case (a, /3, 7) = (4, 3, 4) of identity (jl.2|) is a 
simple reformulation of Sato's counter-example (|3.1U|) . Thus, (i) is proved. 

For (ii), we proceed in a similar fashion as in Sectional First of all, we observe that 
identity ()3.12|) is the special case of (jl.2|) in which a is replaced by a 2 , and in which 
P = a + 1 and 7 = a 2 , again via the translation ()3.2j) . To wit, this is 



3 r 2 



or, a , a + 1 
a 2 + 1, a 2 + a + 1 



;1 



a A + 1 
a 2 + l 



3-^2 



In the sequel we concentrate on this special case, always assuming that a is a positive 
integer strictly greater than 1. 
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Using Thomae's relations, we can generate three other series which are related to the 
3_F 2 -series on the left-hand side of (lll.lj) . namely 



3 r 2 



a + 1, a + 1, a + 1 
a + 2, a 2 + a + 1 ' 



j 3 r 2 



1, 1, a + 1 



? 3^2 



1, a 2 , a 2 



a: 



a 2 + l,a 2 + 1 



;1 



'11.21 



On the other hand, there are six series related to the 3_F 2 -series on the right-hand side of 

dnj), 



3^2 



a — 1, a 2 , a 2 



a 2 + 1, a 2 + a' 



;1 



3-^2 



a — 1, a, a 
a + 1, a 2 + a' 



j 3-^2 



2, a 2 + l,a 2 -a + 2 
a 2 + 2, a 2 + 2 ' 



3-^2 



1, a , a — a + 2 
a 2 + l,a 2 + 2 ' 



7 3-T2 



1,2, a 
a + l,a 2 + 2' 



? 3^2 



1, 1, a — 1 , 
a + l,a 2 + 1' 



11.3) 



None of these match with the series on the left-hand side of (jll.lj) or with one of the 
series in (jll.2j) . Thus, indeed, for any positive integer a, ()3.12|) is a counter-example to 
the conjecture by Rhin and Viola. 

Finally, in order to see that ()3.12|) produces infinitely many counter-examples, we show 
again that the involved integral tends to zero when a tends to infinity. Indeed, for a > 1, 
we have 



I(a 2 — 1, a — 1, a 2 — a + 1, a — 1, 0) 



1 ^ 




< 



^0 

'0 Jo 



+i 



da; dy 



«_i «_i dxdy 



E 



from which the claim follows. (In the second line, we used the trivial facts that x" 2 < x c 



and (1 -x) a_1 (l 
Theorem [7| 



y) 



a^—a+l 



< (1 — xy) a for < x,y < 1.) This completes the proof of 



Remark. It is obvious that Theorem El will generate many more counter-examples to the 
conjecture by Rhin and Viola, by choosing the parameters a, (3, 7 to be positive integers in 
other ways such that a(a — 7 + — 1 + 1) is as well a positive integer (and such that 
the conditions ()5.2j) - (j5.4|) are satisfied). To have a convenient parametrisation, one would 
replace 7 by a + 1 — 7, subsequently a by aia 2 , 7 by C1C2, and f3 by aiCi + 1. The resulting 
relation is 



3^2 



a x a 2 , aiCi + 1, — CiC 2 + 1 
aia 2 + 1, CL1CL2 + a 2 c 2 — cic 2 + 2' 

(aia 2 — a^i + l)(aia 2 + a 2 c 2 — cic 2 + 1) 
(ai<2 2 + l)(a 2 c 2 - cic 2 + 1) 



■ 3-^2 



aia 2 + 1, aiCi, aia 2 — cic 2 + 1 _ . 
aia 2 + 2, aia 2 + a 2 c 2 — cic 2 + 1' 



;ii.4) 
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12. More exotic contiguous relations 



In this section, we present two more relations of the kind of Theorem El (which itself 
followed from the more general Proposition , see Theorems El and These are obtained 
along the lines described in the Remark after the proof of Proposition ^ The two theorems 
imply further counter-examples to the conjecture by Rhin and Viola. 

Proposition 2. For any complex numbers a, b, c such that dt(d — b — c + 1) > 0, and such 
that a + 1 and d are not non-positive integers, we have the identity 



3-^2 



a,b,c 
a + 1, o?' 



be (a — d — 1) (a — d) 
(a — b) (a — c) d(d + 1) 



3-^2 



a, b + 1, c + 1 



a+l,d + 2 ' 



;1 



+ 



a(bc + ad — bd — cd) T(d) T(d — b — c + 1) 
(a-b)(a-c) r(d- b + 1) T(d-c + l) 

Proof. To the left-hand side, we apply the contiguous relation 



12.11 



3-^2 



A 1 ,A 2 ,A 3 
Bi, B 2 



A 2 (B 1 - A 1 ) 
{A 2 -A l )B l 



3-^2 



A 1 ,A 2 + l,A 3 
Bt + 1,B 2 ' 

A x (B 1 - A 2 



+ 



with Ai = b, A 2 = c, and B% 



(A 1 -A 2 )B 1 
d. As a result we obtain 



3-^2 



A x 



l,A 2 , A 3 
+ l,Bo ' 



12.21 



cjd - b) 
(c-b)d 



3^2 



a, 6, c + 1 . 
a + 1' 



+ 



6(d- 



73^2 



a, b + 1, c 
a + 1, d + 1 



;1 



(b - c)cf 

We apply the contiguous relation (jl2.2j) again, to the first series with A\ = a, A 2 = b, and 
B\ = d+ 1, to the second with Ai = a, A 2 = c, and B\ = d+1. After some simplification, 
this leads to the expression 



3 r 2 



be (a — d — 1) (a — d) 
(-a + ft) (a - c) cf (d+ 1) 

oc(d-6)(d-6 + l) „ 
+ (a -6) (c-6)d(d + l) 2 1 



a, 6 + 1, c + 1_ 
a+l,d + 2 ' 

6. c + 1 



rf+2 



;1 



a& (d — c) (d — c + 1) 
+ (a-c) (6-c)d(d + l) 2 1 



!» + l,c 
d + 2 



;1 



Finally, we use Gaufi' summation formula (jlO.HJ) to evaluate the two 2-^i-series. Some 
manipulation then yields the claimed result on the right-hand side of (jl2.1j) . □ 

We may now choose a so that the second term on the right-hand side of (|12.1|) vanishes, 
that is, we choose 

be 



b + c- 



d 



After the additional replacements of b by /3, of c by 7, and of d by (3^/5, we arrive at the 
following result. 
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Theorem 9. For any complex numbers a, P, 7 such that 3ft [fy — (3 — 7 + l) > 0, and such 
that (3 + 7 — 5 + 1 and @r- are not non-positive integers, we have the identity 



3^2 



' p + j-5,p,j 



07 + 5- (35-^5 + 5 2 
Pi + 5 



3^2 



'^ + 7-5,^+1,7 + 1 ■ 
^ + 7-5 + 1, & + 2' 1 



12.3) 



Again, if one wants a more convenient parametrisation for generating counter-examples 
to the conjecture by Rhin and Viola, then one would replace P by 6 1 6 2 , 7 by Cic 2 , and 5 
by 61 Cx- The resulting relation then is 



3-^2 



6i6 2 + dc 2 - hci, 6i6 2 , CiCa. 1 
6162 + cic 2 - &1C1 + 1, 6 2 c 2 ' 



_ oi6 2 cic 2 + 61C1 - bib 2 bici - c\c 2 b\C\ + ofcf 
M2C1C2 + 61C1 

6i6 2 + cic 2 - 6iC X , 6i6 2 + 1, cic 2 + 1. ^ 

&1&2 + ClC 2 - 61C1 + 1, & 2 c 2 + 2 ' 



X 3^2 



;i2.4) 



Proposition 3. For any complex numbers a, 6, c swc/i t/iat 9ft(d — 6 — c + 1) > 0, and such 
that a + 1 and d are noi non-positive integers, we have the identity 



3-^2 



a, 6, c _ ^ 
a + 1, a" 



(a- 6 + l)(a- c+ 1) 
(a + l)(a-d+l) 



3-^2 



a + 1, 6, c_ 
a + 2,d ' 



r(d)r(d-6-c + 1) 

(a-d + l)r(d-o)r(d-c)' 



(12.5) 



Proof. The first few steps of this proof are identical with the one of Proposition More 
precisely, we use that the series on the left-hand side is equal to the expression (jl0.5|) . 
There, we apply now instead the contiguous relation (jl(J.6J) with A x — c+ 1 and A 2 = a+1. 
As a result, we obtain 



(a - 6 + 1) (a-c + 1) 
(a + 1) (a-d + 1) 



3^2 



a + 1, 6, c 
a + 2, d 



; 1 



a - b + 1 
a — d + 1 



■^1 



6, c 
d ' 



+ 



(a + c - d + 1) T(d) T(d - 6 - c) 
(a-d+1) r(d-6)T(d-c) 



which, by another use of the Gau8 summation formula (jl().3)l and some simplification, 
turns out to be equal to the right-hand side of ()12.5|) . □ 



An iterative use of Proposition El produces the following formula. 
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Corollary 1. For any complex numbers a, b, c such that dt(d — b — c + 1) > 0, and such 
that a + 1 and d are not non-positive integers, we have the identity 



3-^2 



a, b, c 
a + 1, d 



;1 



(a - b + l)(a - b + 2)(a - c+ l)(a - c + 2) 
(a + l)(a + 2) (a - d + 2)(a - d + 1) 



3-^2 



a + 2, 6, c 
a + 3, d 



;1 



(3 + 5a + 2a 2 — b — a6 — c — ac + 6c — d — ad) T(d) T(d — b — c + 1) 



(a + l)(a-d + 2)(a-d+l) r(d-6)r(d-c) ' 

If we now choose d such that the polynomial factor on the right-hand side of ()12.6j) 



vanishes, that is, 



d = 2a-b-c + 3 + 
then we obtain the following theorem. 



be 



a + V 



Theorem 10. For any complex numbers a, /3, 7 swc/i that $ft (2a — 2/? — 27 + + 4) > 0, 



and such that a + 1 and 2a 
identity 



ft ~~ 7 + + 3 are not non-positive integers, we have the 



a+l 



3 r 2 



o+l 



;1 



a,/3,7 
a + l,2a-/9-7 + 

(a + l)(a-/3 + 2)(a-7 + 2) 
(a + 2) (3a + a 2 - /3 - a(3 - 7 - a7 + ^7 + 2 



-3^2 



a + 2,/3,7 



a + 3, 2a - - 7 + £^ + 3' 



;1 



12.7) 



If one wants a more convenient parametrisation for generating counter-examples to the 
conjecture by Rhin and Viola, then one would replace (3 by 61 6 2 , 7 by C1C2, and a by 
61 ci — 1. The resulting relation then is 



3^2 



,;1 



61C1 - 1,6162, cic 2 

61 Ci, 26iCi - 6162 + 6 2 C 2 - CiC 2 + 1' 

(61C1 - 6162 + l)(6ici 



cic 2 



(61C1 



l)(6iCi - 6i6 2 + b 2 c 2 - cic 2 + 1) 

, 61 Ci + 1, 6162, CiC 2 

X 3-^2 



6 x ci + 2, 26iCi - 6i6 2 + 62C2 - cic 2 + 1' 

13. POSTLUDE: HOW WERE THESE IDENTITIES FOUND? 



:i2.8i 



The reader may wonder how we found the identities in Theorem ^ and Propositions 
(the latter implying Theorems |2l El and ITUj) and their proofs. This section describes some 
of the ideas that led us to their discovery, with some of them being interesting in their 
own right, as we believe. Since we shall make reference to it several times, we mention 
right away that all the hypergeometric calculations were carried out using the first author's 
Mathematics package HYP [7j . 

The counter-examples ()3.5j) - ()3.10j) of Sato, in their original form, do not give any hints 
for a general result that may be behind them. However, as we explain in Section [7[ if we 
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bring them into different, but equivalent, forms using Thomae's relations, patterns emerge. 
More precisely, by staring at the forms (|7.1|) and (|7.2j) of (|3.5j) - (|3.9j) . we extracted the wild 
guess that (jl.2j) should hold. The first proof that we found (which is not presented here) 
showed first the special case 7 = a + (3 of (jl.2|) . given in (jSHSJ)? by using elementary 
contiguous relations. A somewhat involved analytic continuation argument, using the 
Gosper-Zeilberger algorithm (see below) and Carlson's theorem then extended (j3.13|) to 

However, it was "obvious" to us that one should be able to prove fjl.2j) by a combination of 
several classical transformation formulae for hypergeometric series. Clearly, since we know 
that (jl.2|) is not a consequence of Thomae's relations, the classical 3 F 2 -transformations are 
not of any use. So we asked HYP to tell us which (of the built-in) transformations can 
be applied to the left-hand side of (jl.2|) . (This is done by using TListe; see jjj.) The 
only "non-standard" transformation that HYP came up with was (|8.1|) . (This is T3240 in 
HYP.) So we applied it and quickly realized that we could exchange a and a + 1 in the 
obtained 7.F 6 -series (cf. ()8.2|) and ()8.3j0 and apply (j8.1|) in the other direction, in order to 
obtain a result different from the original 3i<2-series, which then turned out to be exactly 
the right-hand side of (jl.2|) . 

Having found an explanation for 83.33333 . . . percent of Sato's counter-examples did 
not completely satisfy us. We also wanted an explanation for (I3.1U|) . Since this is just one 
single identity, there is only very little guidance where to look for. What caught our eyes 
was that, in the hypergeometric form (J7.3|) . both ai^-series were balanced (that is, the 
sum of the lower parameters exceeds the sum of the upper parameters by exactly 1). Not 
only that, in both series there is a lower parameter which exceeds an upper parameter by 
exactly 1. So, we made our computer work out the values of all series of the form 

T a,b,c _ 
3 2 [a + 1,6 + c' 

for 1 < a, b, c < 40, and then compared which series were rational multiples of each other. 
By staring at the results, we extracted identities such as 



3-^2 



or, a + 1, a 

a 2 + a + V 



a 2 + l 



a 3 + l 
a^+T 



3-^2 



(this is identity 

„2 



3^2 



a 



a + 1, a, a 



the special case a 
2 



a , (3 — a + 1, 7 



a 2 + 1, a, a 2 
a 2 + 2, a 2 + a 

2 of (H2 



a 



or 



a 



; 1 



a 



ft + 2, a 2 
(this is the special case (3 — a, 7 
6ft + 1,4ft + 2,3ft + 1 



3-^2 



a 1 + 1 
a 2 — a, 5 = 
3a + 2 



ft- 



o; — 



6ft + 2, 7ft + 3 



3-^2 



ft + 1, ft + 1, ft — ft + 1 

ft 2 -ft + 2,ft 2 + 2 : 
1 of (H2H) or 

6ft + 3,4ft + 2,3ft + 1 
6ft + 4, 7ft + 3 : 



:i3.i^ 



:i3.2i 



(13.3) 



3ft + 3 

(this is the special case a — > 6a + 1, (3 = 4a + 2, 7 = 3a + 1 of (jl2.7|0 . 

We then attempted to prove these identities. It seems sort of "obvious" that one should 
be able to prove them by using known contiguous relations. Indeed, in HYP there are ap- 
proximately 100 such contiguous relations built-in. We played with those, but we were not 
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able to arrive at the right-hand sides of the conjectured identities. At some point, we had 
the idea to "cheat" and to make recourse to the "modern" way of treating hypergeometric 
series, namely applying the Gosper-Zeilberger algorithm (see [2J EH 1213 EH 122] ; what we 
do below is in the spirit of [Oj). For example, aiming to prove (a generalisation of) (j!3.1j) . 
we considered the series 



3-^2 



a + n,b — n,c 
a + n + l,b + c — n' 



(13.4) 



and tried to find a first-order recurrence for it (which is what (|1.2|) is). Thus, we put the 
summand of this series, 



F(n, k) 



(a + n) k (b -n) k (c) k 
(a + n + 1)^ (b + c — n) k k\ 



into the Gosper-Zeilberger algorithm, and we got 

(a + n + 1)(6 - n - l)(a - b - c + 2n + l)(a - b - c + 2n + 2)F(n, k) 

+ (a-b+2n+2)(a-b+2n+l)(a-c+n+l)(b+c-n-l)F(n+l,k) = A k F(n,k)R(n,k), 

' (13.5) 



where 



R(n,k) 



k(b + c + k-n-l) 



(a + n) (b + c — n — 1) (b + k — n — 1) 
x (k(b + c - n - l)(a + n + 1)(1 - a - a 2 - 2b + b 2 + ac + n - 2an - 2bn + cn) 

+ terms not containing k), 



and where is the forward difference operator, (A k f)(k) = f(k + 1) — f(k). If we now 
sum both sides of ()13.5j) over k from to N, then we obtain 



N 



(a + n + l)(b-n - l)(a - b - c + 2n + l)(a - b - c + 2n + 2) J^F(n, k) 



k=0 



N 



+ (a-b + 2n + 2) (a - b + 2n + l)(a - c + n + l)(b + c -n - 1) ^F(n + 1, fc) 



fc=0 



F(n, N + l)R(n,N + 1), 
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since the terms on the right-hand side telescope. Subsequently, the limit N —>■ oo yields 



(a + n + l)(6 



n 



l)(a - b - c + 2n + 2)(a - 6 - c + 2n + 1) 



n, 6 



n, c 



a + n + l,6 + c — n' 
6 + 2n + l)(a - 6 + 2n + 2) (a - c + n + 1)(6 + c 

a + n + l, 6 — n — 1, c 
a + n + 2, 6 + c — n — 1 



n 



X 3^2 



+ (a + n+l)(l-a 



6 + c + ac — be — d + bd + n — 2an — bn + 2cn — dn) 



1) 



T(b + c 



n) 



r(c)r(6-n)' 

(13.6) 

(The reader should notice that this is (jlO.lj) with a replaced by a + n, b replaced by b — n, 
and d replaced by b + c — n.) 

At this point, we became greedy. Why should this be something special for balanced 
series? So, we replaced the bottom parameter b + c — n in (jl3.4|) by d — n, — and we were 
disappointed to learn that the Gosper-Zeilberger algorithm is unable to find a two-term 
recurrence for this more general series. (It finds only a three-term recurrence.) However, 
it does find a two-term recurrence for every d of the form d = b + c + m, where m is a 
non-negative integer. From the data for m = (given in (J13.6j0 and for m = 1,2,3, one 
is then easily able to work out a (at this point, conjectural) formula for the output of the 
algorithm, namely if 

(a + n) k (b - n) k (c) k 



F(n, k) 



(a + n + l) fc (6 + c + m — n) k k\ 



then 



(b - n) m (c) m (a + n + l)(b — n — l) 

x (a — b — c — m + 2n + l)(a — b — c — m + 2n + 2)F(n, k) 
+ (b- n) m (c) m (a - b + 2n + 2) (a - b + 2n + 1) 

x (a - c + n + 1)(6 + c + m - n - l)F(n + l,k] = A k F(n, k)R(n, k), (13.7) 



where 
R{n, k) 



k(b + c + m + k — n — 1) 



(a + n) {b + c + m — n — 1) (6 + k — n — 1) 

x (k m+1 (b + c + m - n - l)(a + n + 1) 

■ (1 — a — a 2 — 2b + b 2 + ac + n — 2an — 2bn + cn — m{n + 1 — 6)) 

+ terms with lower powers in k), 

If one, for simplicity, replaces b + c + m by d in ([13.7)1 . sums both sides over k from to N, 
and finally lets N tend to infinity, one arrives exactly at ([lO.ljh with a replaced by a + n, 
b replaced by b — n, and d replaced by d — n. 
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As we pointed out, this is at best a half rigorous derivation of fllO.lJ) in the case that 
the difference d — b — c is a non-negative integer, but there is no guarantee at all that 
this formula should also hold for any d. (To explain two of the possible pitfalls: first, 
there are always two ways to translate expressions such as (c) m into gamma functions: 
(c) m — r(c + m)/r(c) = (— l) m r(l — c)/r(l — c — m). These lead to different formulae if m 
is replaced by d — b — c, where d is arbitrary Second, sometimes one may even miss whole 
additional terms in a formula, which one does not see if some parameter is specialised to a 
non-negative integer because this additional term happens to vanish for this specialisation.) 
However, one can now prove ()10.1|) continuing along the above lines: first, one verifies that 
(jlU.lJI is valid for d = b by using Gau8' summation formula (jl(J.3|) . Next, one replaces d by 
b + n in (jlU.lJI . and one uses the Gosper-Zeilberger algorithm to find recurrences in n for 
the left-hand and the right-hand sides of (|l(J.lj) . Thus, one knows that (|1U.1|) holds with 
d = b + n for any non-negative integer n. Since both sides of (jlU.lJI are analytic in d in 
a neighbourhood of oo, one can use the principle of analytic continuation to deduce that 
(110. lj) holds for any complex d where both sides are defined. 

We did that, but finally we did succeed to work out a proof using known contiguous 
relations. Since this is completely elementary and, as we believe, more instructive, this is 
the proof that we have included in Section El For obtaining the general identities which 
are behind (|13.2j) and (J13.3j) . given in Propositions 121 and E3 we proceeded similarly. In 
fact, the contiguous relations (|1U.2|) . (jl(J.4|) . (jl(J.6j) . (|12.2|) . which we used in the proofs, are 
C55, C15, C27, and C54, respectively, in HYP. 

Our computer experiments suggest that the above procedure produces a relation of the 
type (jlO.lj) for any series 

p a + a±n, b + bin, c + c\n_ 
3 2 a + ain + a2, d + d\n ' ' 

as long as a\, a^, &i, C\, d\ are integers, 02 a positive integer, and 61 + C1 = d\. However, most 
of the time none of a, b, c, d appears linearly in the big polynomial factor on the right-hand 
side. This makes it difficult to extract a general solution of the Diophantine equation which 
arises when one equates the polynomial factor to zero. Nevertheless, experimentally, there 
are many solutions for various choices of ai, & a , Cj, d\. 
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